Abstract. The k-limited packing number, L k (G), of a graph G, introduced by Gallant, Gunther, Hartnell, and Rall, is the maximum cardinality of a set X of vertices of G such that every vertex of G has at most k elements of X in its closed neighbourhood. The main aim in this paper is to prove the best-possible result that if G is a cubic graph, then L2(G) ≥ |V (G)|/3, improving the previous lower bound given by Gallant, et al.
Introduction
Limited packings in graphs were introduced by Gallant, Gunther, Hartnell and Rall [4] as a generalization of certain types of neighbourhood packings. In the case k = 1, a 1-limited packing is precisely a set of vertices where every pair is at distance at least 3. Meir and Moon [8] defined a distance k-packing in a graph to be a set of vertices X with the property that for every x, y ∈ X, d(x, y) > k. Thus, a distance 2-packing is the same as a 1-limited packing. For k > 1, there is no direct connection between k-limited packings and distance packings.
The notion of a k-limited packing can be rephrased in terms of subsets of hypergraphs. Given a graph G, define a hypergraph with vertices V (G) and whose hyperedges are the closed neighbourhoods of vertices in G. A k-limited packing in G corresponds to a subset of the hypergraph with maximum vertex degree k.
The central question examined here is the order of the largest k-limited packing in a graph. Note that if k > ∆(G), then L k (G) = |V (G)| and for a fixed graph G, the function L k (G) is non-decreasing in k.
For 2-regular graphs, k-limited packing numbers can be determined exactly. For any n ≥ 3, the cycle C n has 1-limited packing number L 1 (C n ) = ⌊n/3⌋ and 2-limited packing number L 2 (C n ) = ⌊2n/3⌋, as was noted in [4] . Considering the fraction of vertices in a limited packing, one can see that for any 2-regular graph G, L 1 (G) ≥ n/5, which is achieved by graphs whose connected components are all copies of C 5 . Further, if G is a 2-regular graph, then L 2 (G) ≥ n/2, which is achieved by graphs whose connected components are copies of C 4 .
For any graph G with ∆(G) = ∆, the set of vertices at distance at most 2 from any particular vertex of G has at most ∆ 2 + 1 vertices. Thus, by a greedy choice of a 1-limited set, we have that
In particular, for any cubic graph G, the 1-limited packing number is at least L 1 (G) ≥ |V (G)|/10 . This lower bound is achieved by the Petersen graph which has 10 vertices and diameter 2. By taking graphs consisting of many vertex-disjoint copies of the Petersen graph, this shows that for every n divisible by 10, there is a graph on n vertices with L 1 (G) = |V (G)|/10. Gallant, Gunther, Hartnell and Rall [4] determined L k (G) precisely for certain classes of graphs and claim that for cubic graphs, 1 4
In addition, they relate limited packing numbers to certain domination parameters in graphs. For a graph G and ℓ ≥ 1, a set D ⊆ V (G) is called an ℓ-tuple dominating set if for every v ∈ V (G), |N [v] ∩ D| ≥ ℓ. For ℓ = 1, a 1-tuple dominating set is a dominating set in the usual sense. If G is r-regular, then a set D is an ℓ-tuple dominating set iff V (G) \ D is a (r + 1 − ℓ)-limited packing. Thus, bounds on the limited packing numbers of regular graphs can be interpreted as bounds on multiple domination. In [5] , Gagarin and Zverovich use a random approach to show that for a graph G with ∆(G) = ∆ and k ≤ ∆(G),
In Section 2, we show that if G is graph with ∆(G) ≤ 3, then L 2 (G) ≥ |V (G)|/3, with an example showing this is best-possible. This improves the previous best-known lower bound of L 2 (G) ≥ |V (G)|/4, as in equation (1) . In the case k = 2 and ∆ = 3, the bound given by equation (2) is
which is a worse bound than L 2 (G) ≥ |V (G)|/4. Our new lower bound on L 2 (G) for cubic graphs is also translated into a new and best-possible upper-bound for the size of 2-tuple dominating sets in cubic graphs.
In Section 3, we give examples of graphs constructed using finite projective planes to show that for k fixed and ∆ tending to infinity, the lower bound from (2) is tight up to constants. Using the Lovász Local Lemma, we give an improved lower bound on L k (G) for k and ∆(G) tending to infinity, when k grows sufficiently quickly.
Cubic graphs
In this section, we give tight bounds on the fraction of vertices in any 1-limited or 2-limited packing in any graph with maximum degree 3.
As was noted in the introduction, a greedy choice of a 1-limited packing shows that if G is a graph with ∆(G) = 3, then L 1 (G) ≥ |V (G)|/10, a lower bound which is obtained by taking graphs consisting of a union of vertex-disjoint copies of the Petersen graph.
In the case k = 3, the 3-limited packing number of a 3-regular graph G is precisely dual to the usual domination number, γ(G). As was noted in the previous section, if G is a 3-regular graph, then L 3 (G) + γ(G) = n. Kostochka and Stocker [7] showed that if G is a connected cubic graph, then γ(G) ≤ 5|V (G)|/14. Further, they gave examples where this is sharp, including a connected cubic graph on 14 vertices with domination number 5. Thus, an immediate consequence of this result is that if G is a cubic graph, then L 3 (G) ≥ 9|V (G)|/14, which is tight.
Consider now 2-limited packings in cubic graphs. In Theorem 2 below, we show that every graph with maximum degree 3 has a 2-limited packing containing at least a third of the vertices. To see that this bound is tight, let H 6 be the graph on 6 vertices consisting of a 6-cycle with all three chords of length 3 added. Any 2-limited packing of H 6 contains at most 2 vertices of H 6 . By taking multiple vertex-disjoint copies of H 6 , one has an infinite collection of cubic graphs G with
The proof of Theorem 2 uses induction on the number of vertices, with two types of edges to keep track of additional conditions imposed on limited packings of subgraphs.
Throughout the proof of Theorem 2 to come, let G be a multigraph of maximum degree 3 with edges of two possible types: colour edges (c-edges) and domination edges (d-edges). In such a multigraph, define a set X ⊆ V (G) to be a 2-limited set if for any c-edge uv, |X ∩ {u, v}| ≤ 1 and for
Note that the c-edges do not contribute to N d [v] and X may contains pairs of vertices joined by d-edges. Note also that both types of edge contribute to the degree of a vertex, and this degree must be at most 3. Duplicate c-edges or duplicate d-edges between vertices u and v may be removed without changing the conditions on X, however there may be both a c-edge and a d-edge joining the same pair of vertices, so G is a multigraph.
Theorem 2. If G does not contain a component K 4 consisting entirely of c-edges, then there is a 2-limited set X with |X| ≥ |V (G)|/3.
Proof. We use induction on the number of vertices. Clearly we may assume G is connected as otherwise we can apply induction to each component and take the union of the corresponding 2-limited sets. If G has three or fewer vertices then we can take X to be any single vertex. If G has 4 vertices and is not a K 4 with all c-edges, then pick uv which is not a c-edge (possibly not an edge at all) and let X = {u, v}. If |V (G)| > 4 and G consists only of c-edges then we can 3-colour G by Brooks' theorem. At least one colour class has at least |V (G)|/3 vertices and we can use this colour class for X. Hence we may assume G contains at least one d-edge.
In the following we shall modify G be removing vertices and occasionally adding c-edges between vertices. The main problem is that we must avoid generating a K 4 component using just c-edges. The following reduction is therefore useful.
Suppose Configuration A. where dotted lines indicate c-edges and solid lines are either c-edges or dedges (or both when the degree condition allows it). Pick a largest 2-limited set X for G \ {a, b, c, d, u, v}. Then X ∪ {b, d} is 2-limited for G. As we have removed 6 vertices from G, |X| ≥ |V (G)|/3 − 2 and so we have the required 2-limited set for G. Hence we may assume G does not contain configuration A. Now suppose G contains a vertex u adjacent to only one other vertex v (possibly by both c-and d-edges). Consider the following transformation. where we remove {u, v} from G and add the c-edge ab. The 2-limited set is X ∪ {u}, where X is a maximum 2-limited set for the resulting graph.
Note that we can assume that adding the c-edge ab will not complete a K 4 in c-edges by the absence of configuration A. Note also that if v is adjacent to fewer than 3 vertices, or if ab is already a c-edge, or indeed, if any of vu, va, or vb is not a d-edge then the same construction works without the need to add ab as a c-edge. Now suppose that G contains a vertex u adjacent to only two other vertices, v and w. Consider the following transformation. Then X ∪ {u} is 2-limited where X is a 2-limited set in G \ {v, u, w} with the c-edges ab and cd added. As before there are a number of degenerate cases where in fact either or both ab and cd do not need to be added. (One particular degenerate case is when vw is an edge so that a = w and c = v are also removed.) There is however one special subcase that needs to be dealt with in a different way. Due to the absence of configuration A we may assume that neither ab or cd generates a K 4 in c-edges individually.
However it is possible that ab and cd together form two edges of a single K 4 in c-edges. However, in this case G consists of just 7 vertices and we can take {a, b, w} as our 2-limited set. (Of course ab is not an edge of G, w is incident only to d-edges as otherwise we would not have needed to add cd, and {c, d} = {a, b} so w has at most one neighbour in {a, b}.) Note that we can now assume G contains no multiple edges (as otherwise some vertex would be joined to at most two other vertices). We may also assume G is 3-regular. As mentioned above we may also assume it has at least one d-edge.
Suppose there exists a d-edge uv that lies in two triangles. Consider the transformation which removes all the following vertices. 
No single added c-edge can form a c-edge K 4 due to the absence of configuration A. Suppose first that adding just the c-edges a ′ a ′′ and b ′ b ′′ forms a c-edge K 4 . We then consider X ∪ {a ′ , a ′′ , b} where X is 2-limited for G with the K 4 and {a, b, u, v} removed. If adding a ′ a ′′ and c ′ c ′′ forms a c-edge K 4 , consider X ∪ {a ′ , a ′′ , c} where X is 2-limited for G with the K 4 and {a, c, u, v} removed. Now suppose we need three added c-edges to form a c-edge For an arbitrary graph G of maximum degree 3, let all edges be d-edges and then since there are no c-edges, Theorem 2 applies directly.
Recall that if G is an r-regular graph and X is a k-limited packing in G, then V (G) \ X is a (r + 1 − k)-tuple dominating set. The size of the smallest ℓ-tuple dominating set in a graph G is denoted by γ ×ℓ (G). As was noted by Gallant, Gunther, Hartnell and Rall [4] , if G is an r-regular graph and
Harant and Henning [6] showed that for any graph G, with n vertices, minimum degree δ and average degree d, then γ ×2 (G) ≤ (ln(1+d)+ln δ+1)n δ . This bound was improved by Cockayne and Thomason [3] who showed that γ ×2 (G) ≤ (ln(1+δ)+ln δ+1)n δ
. Neither of these bounds are of use when δ = d = 3. Theorem 2 shows that if G is a 3-regular graph on n vertices, then
Graphs with large degree
When k ≥ 2 is fixed and ∆ tends to infinity, the lower bound for L k (G) given by Gagarin and Zverovich [5] , as in equation (2), shows that if G if a graph with ∆(G) = ∆, then
The following example shows that up to the constant factor e −1 , this is best possible.
Example. For any k ≥ 1 and q = p n , a prime power, define a graph G q,k whose vertex set is the points of a k + 1 dimensional projective space over GF (q). That is, vertices are equivalence classes of non-zero elements of GF (q) k+2 , where a pair of vectors in GF (q) k+2 are equivalent if one is a non-zero multiple of the other. Join two vertices by an edge if their inner product is 0 (in GF (q)).
In this graph, any k vertices trivially form a k-limited packing. On the other hand, any collection of k + 1 points lie on some k-dimensional hyperplane. The normal vector to this hyperplane is adjacent to all points on the hyperplane and hence to all k + 1 points. Thus, the largest k-limited packing in this graph is of size k.
The number of vertices in G q,k is q k+2 −1 q−1
and every vertex has
neighbours. Thus, as q tends to infinity, (1)).
In some cases where both k and ∆ are tending to infinity, a better bound than that given by equation (3) can be obtained using the Lovász Local Lemma. The 'symmetric' version of the Lovász Local Lemma [2] , which can also be found in [1] , gives the following result about events in a probability space without too much dependence. Let B 1 , B 2 , . . . , B n be events in a probability space and let d ≥ 1 be such that for every i ≤ n, there is a set I i with |I i | ≤ d so that B i is mutually independent of {B j | j / ∈ I i ∪ {i}}. If for each i ≤ n, we have P(B i ) ≤ , then by the Local Lemma, the probability that X is a k-limited packing is at least, when ∆ is large enough,
On the other hand, consider the probability that the set X is much smaller than its expected size. Set ε 2 = 3/ √ k∆. Then, again by the Chernoff bound, and using the fact that p = (1 − ε 1 )(k + 1)/(∆ + 1) > k/(2∆), P(|X| < (1 − ε 2 )np) ≤ exp − (np − (1 − ε 2 )np) 2 2np = exp − ε 2 2 np 2
Thus, P(|X| < (1 − ε 2 )np) < P(∩B v ) and so there is at least one choice of a set X so that X is a k-limited packing and |X| ≥ (1 − ε 2 )np. Using the fact that k ≥ log ∆ log log ∆ and hence ε 2 < ε 1 /3, then (1)).
which completes the proof.
Note that for any graph G with minimum degree δ(G), by double counting, L k (G) ≤ k|V (G)| δ(G) + 1 and, in particular, for ∆-regular graphs, Theorem 4 is asymptotically best possible, for all values of k for which the result applies.
